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A THEORYFORPREDICTINGTEEFLOWOFREALGASESIN SHOCK

TUBESWITHEXPERIMENTALVER13?ICNION

By RobertL.TrimpiandNathanielB. Cohen

Thenotiinearcharacteristicdifferentialequationsapplicableto
a qpasi-one-dimensionalunsteadychannelflowwithfrictionandheat
trsmsferarelinearizedandintegratedinfunctionalformforthepar-
ticularstudyof smallperturbationsfromidealshock-tubeflows.If
theequivalenceofunsteady-@ steady-flowboundarylayersis assumed,
theproblemofdeterminingtheperturbationsintheunsteadyflowreduces
toanevaluationof thedragof a flatplateintheeqtivslentsteady
flow.

Forairat initiallyuniformtemperature,thetheoryevaluatedwith
an equivalentsteady-flowturbulent-boundary-layerskin-frictioncoeffi-
cientpredictsthatshockattenuationincreaseswithdistanceandthat
averagevaluesaf staticpressure,velocity,density,andMachnmiber
at a fixedpositioninthehotgasincreasewithtime,whereasaverage
sonicspeedsimultaneouslydecreaseswithtire-eat a fixedposition.

Experimentalmeasurementsof theshockattenuationwithdis@ce
andstatic-pressurevariationwithtimeat a fixedpositionfordiaphragm
pressureratiosfromapproximately4 to 18 gavegoodagreemsntwiththe
theoreticalpredictionswherea valueof O.0~1x (Reyaoldsnuriber)-l/~
wasusedfortheskin-frictioncoefficient.

INTRODUCTION

Theshocktubehasbecomea coxmm aerodynamictestingfacility
becauseof itsrelativeinexpensivenessandversatility.Ina shock
t~e it ispossibletoobtainunsteadyflowswitha widerangeof flow
parameters,suchasReynoldsnumiber,Machnuniber,andtemperature,that
eithercotidnotbe obtainedinsteady-flowapparatuswiththepresent
temperaturelimitof-own alloysor couldbe obtainedonlywithmassive
andcostlyequipment.

Thevariousstatesoftheflowof a perfect,nonviscid,nonconducting
gasina shocktubemy easilybe determinedtheoreticallyby application
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of thebasicequationsofmomentum,continuity,andenerg. (See,for ‘
example,refs.1 to4.) ThetheoreticalstatesSQdeterminedareconi-
calina distsmce-timesense(untiltheshock-tubeendeffectsinterfere); f
thatis,parametersareinvariantalongrayswhichhavethesameratios
ofdistancefromthediaphragmstationtotimeelapsedsincediaphragm
burst.Thisperfect-gasflowisalsocharacterizedby tworegions,of’
equalconstantvelocityandpressurebutofdifferentdensityandtem-
perature,separatedby a contactsurfaceorentropydiscontinuity.One
of theseregionshasas itsleadingboundarytheshockwaveadvancing
downthetubeintothelow-pressweairat rest; whereastheotherhas
as itstrailingboundarytheexpansionwaveprogressingintothehigh-
-pressuresection.Therefore,itistheoreticallypossibletoobtain
steady-flowaerodynamicdataintheshort-durationsteadyflowsthat
existwhileeitherregionispassinga fixedpointalongtheshocktube.

Unfortunately,theflowof a realgasintheshocktubedeparts
significantlyinmanycasesfromtheafore~ntionedtheoreticalflow.
It isintuitivelyobviousthata realflowdiffersfromthetheoretical.
flowinthata pressuredropisreqybedof a realfluidflowingina
tubeanda furtherpressurechangeisreqtiredtoaccountforheattrans- b
ferbetweenthetubeandthefluid.Inaddition,theflowintheregion
behindtheentropy@iscontinui@hasbeenfoundtobe quiteturbulent
anderraticsoastomakeitofverylimitedvaluefornmsttesting v
purposes.Althoughtheflowbetweentheshockwaveandtheentropydis-
continuitydoesnotdegenerateintolarge-scaleturbulence,this flow
is stillaffectedby viscosity,heattransfer,otherimperfectas
effects,andnonidealdiaphragmburst. ‘7(Seerefs.1, 3, andk. The
nonidealconditionof diaphragmburstmaybe minimizedby theproper
choiceofdiaphr~ materialforeachparticularinitialsetof condi-
tions.However,theothereffectsareunavoidable,anditistobe
expectedthattheirmagnitudewillincreaseinimportanceinthehigh-
temperatureandhighMachnuuiberrmge,wheretheshocktubeappears
tobe otherwisemastadvantageous.

Theattenuationin shockstrengthastheshocktravelsdownthe
tubeisthemostobviousandeasilymeasureddeviationfromperfect-
fluidtheo~. Thisattenuationhasbeenthesubjectof severalexperi-
mentalandtheoreticalstudies(refs.3j 5>f5jand7).

Thetheoryofreference3 maybebrieflyoutlinedasfollows.The
unsteadyflowof thehotgasbetweentheshockamdentropydiscontinuity
isreducedto a quasi-steadyflowby choosinga coordinatesystemfixed
totheshock.Theboundary-layerproblemisthenreducedtoa laminar
solutionsimilartotheBlasiussolution,exceptthatthewallvelocity
isnonzero.Theunsteadyboundaryconditionoftherecedingentropy
discontinuityis ignoredasistheentirecold-flowregionbetweenthe
expansionandentropydiscontinui~.Theskin-frictionandheat-transfer 4
effectsobtainedfromthissolutionarethenaveragedacrosstheassumed
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. one-dimensionalflowandtheresultingchsngesinaveragemomentumand
averageener~ requirethegenerationofrovingwaves.Thesewavesare

4 assumedtobe generatedattheentropy&lscontinui@andta travel
unclwmgedin strengthuntiltheyovertake-theshock.Theshockattenua-
tionisthendeterminedfromthewaveswhichhaveovertakenit since
flowwasfirstinitiated.

Thetheoriesofreferences6 and7 arenuchlesselaboratethan
thatofreference3 andarebasedon theassumptionthatthemassflow
throughtheshockat a certaintim isthessmeas theMss flowat the
entro~discontimrityevaluatedatthesametime. Themassflowatthe
entropydiscontinuityisdeterminedfromtheboundary-layerdisplacement
thicknessandfree-stresmconditionscorrespondingto anunattenuated
shock.Thisboundary-layerdisplace~ntthiclmessisdeterminedinref-
erences6 and7 fromanextension,to a circulartubeandrectangulartube,
respectively,of theRayleighproblemof theinstantaneousacceleration
to constantvelocityof a flatplateina fluidat rest.

Taanunpublishedanslysismadeat theLangleyAeronauticalLaboratiryj
d Messrs.PaulW. Euber,DonaldR.MWarland,andPhilipLetinecollaborated

on a theoryforshockattenuationbasedon themass-flowdecrementdueto
displacementthicknessat theentro~discontinuity.Inordertodeter-

> minetheshockattenuationat a giventixre,thedisplacementthiclmess
wasevaluatedin thistheoryfora t- smallerthemthisgiventimeby
an intervalequalta thewave-traveltimefromtheentropydiscontinue@
to theshock.Thisdispl.ac=ntthiclmesswasdeterminedfromempirical
flat-platesteady-flowdataat a distancefromtheleadlngedgeof the
flatplateequalto thedistsmcefromthediaphragmstationto theentropy
discontinuity.

Noneof theaforementionedtheorieshavegivengoodagreementwith
experimentallydeterminedshockattenuation.Reference8 reportsthe
useof a chrono-interferometerto obtainthetimwisevariationofdensi~
inthetwotheoreticallyconstantdensi~regions.A densityrisewith
timewasnotedforbothregions.Comparisonof theexperimentaldata
withthetheoryofreference3 gavepoorcorrelation.By employingvari-
oussimplifiedflowmdels,thesforenentionedtheorieshaveignoredthe
factthatunsteadywavessrecontinuallybeinggeneratedby theeffects
of frictionandheattransferintheentireflowregion.Theresultof
thesewavesovertakingtheshockis at,tinuation,andtheirmtion sLong
thetuberesultsinvariationsinpressure,densi@,andveloci~at
givenpoints.Therefore,inorderto obtaina satisfactoryunderstanding
of theflowof a realgasin a shocktube,a theorymustrecognizead
treatthewavesystemintheentireflowfield.Sucha theoryhasbeen
derivedin simplifiedform,andthistheory,togetherwithexperimental
correlationobtainedat theGasDynamicsBranchof theIangleyLaboratory,
ispresentedinthispaper.
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SYMBOLS

A

a

B

Cf

Cv

CP

D

D( )
Dt

%

h

J

1

M = U/a

areaofflow

velocityof Bound

constantdefinedby equation(D4)

localskin-frictioncoefficient,2T/pu2

coefficientof specificheatatconstantvolume

coefficientof specificheatat constantpressure

hydraulicdiameter,4 x Area
Perimeter

~()+ub()
convective‘erivative’at ax

heataddedperunitmassby frictionaldissipation

walJheat-transfercoefficient

heataddedper

fixeddistance

unitmassduetoheattransferandheatSources

alongshock-tubeaxis

b

v

N

n

definedinequation(53)
●

‘% y l/n
reciprocalofveloci~exponentinboundarylayer,— =u ()E P
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P

J
P’

Pr

P

*8

Q

Q’

i R

%
J

r

s

T

t

u

u*

us

‘%

v

w

x

Y

4

2CV
characteristicparsmter,~ a + U

aSeffectivecharacteristicwaveparameter,P - - -7R

Prandtlnumber

staticpressure

staticpressure_diately behindshock

Pcva-ucharacteristicparameter,T

aSeffectivecharacteristicwaveparameter,Q - — -7R

gasconstant

Reynoldsntier

recoveryfactor

entropy

temperature

time

free-streamvelocity

vshearing-stressWIOCLty, T p

shockvelocity

velocity

veloci~

veloci~

distance

distance

inboundsrylayerat y

ofrayinx,tplotoffigure1, ~/~

ofrayinx)tplotof figure1, IXw -%

alongshocktubefromdiaphragmstation

fromsurface
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ratioof specificheata,cp/%;assumed= l.kOforcomputations ●

boundary-layer

characteristic

thickness;alsoindicatesdifferentialquantity v

a( )ao+(u*a)Fderivative,
X-

differencebetweenwalltemperatureandadiabaticrecovery
temperatureof flow

coefficientofviscosity

coefficientofkinematicviscosity

distanceflowhasprogressedalongsurface

densi@

wallshearingstress

dP&@C&@pB>%#&$fsp influencecoefficients,definedinequa-
tions(12),(13),and(26)

Subscripts:

Subscriptsnotincludedonthesymbolsdefinedaboverefer,in
general,tovaluesatpointsorwithinregionsshowninfigure1.
Bceptionstobe noted,

o perfect-fluid

t attimet

x atdistancex

exp experimental

however,areas follows:

value

ref referencevalue

theor theoretical
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‘iHEoHY

Thebasicstepsfollowedinderiting
Thecharacteristicdifferentialequations

thetheoryarefirstoutlined.
fora q~si-one-dimensional

unsteadychannelflowarelineari~edon thebasi{of theperfect-fluid
flowina shocktube. Thetermsof theseequationsfora particular
laminaof fluidintheshockMe areexpressedas functionsof the
distancethelaminahasmovedalongtheshockt@e. A transformation
ofvariablesof integrationisthenmadewherebythethe inte~alof
thecharacteristicequationisreplacedby a distanceintegralalong
theparticlepath. Thevaluesoftheflowvariables,suchaspressure,
velocity,temperature,andsoforth,maythenbe foundfromthevalues
of theintegratedcharacteristicparameters.

Onemethodofevaluatingtheresultingintegralsistoassumethe
equivalencyof steadyandunsteadyflowsbasedonparticle-flowtime.
Applicationof thismethodreducesthesolutionforthecharacteristic
equationstothesimplecomputationoftheskin-frictionintegral(total
drag)ofa flatplatein steadyflow.

●

Thecharacteristicegyationsfora quasi-one-dimensionalunsteady
4 channelflowas derivedinappendixA are:

5P -aD 10&&A bg ‘D: m%f—= ——
et Dt

+=a—.—
+;E% 7 Dt D

Furthermore,undertheassumption
frictionandheattransferisthesame

DE 2u2cftia_&+T
7

(1)

(2)

thattherelationbetweenskin
forb@h steady=d unsteady

flows,theconvectivederivativeofentropymaybe expressed(see
appendixB) as

~~

(R– M2+~Qpr
)

-2/32Yucf
Dt 7-IT

. Forapplicationto thestudyof
equationsarelinearizedby assuming

(3)

flowsina shockt~e, thepreceding
thatallcoefficientsanddifferential
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operatorson theright-handaideareconstantat theirrespective
perfect-fluidvalues.Inotherwords,thelinesnpkingup theperfect-
fluidcharacteristicsnetworkareusedaspathsof integration,andthe
variousderivativesandcoefficientsareevaluatedon thebasisofthe
velocities,temperatures,andsoforth,oftheperfectfluid.Eqm-
tions(1)to (3)thenbecom,iflinearizedonthisbasis(subscripto
referstoperfectfluid),

(3a)

where

(M%)o’ao&
T_tisfurtherassuredthat,althoughthevelocityof theleading

edgeoftheexpansionfaniscorrectlyusedas -ae,thefluidand
characteristicvelocitiesmy be approximatedby Uc and (U* a)a in
theentireregionfromtheleadingedgeoftheexpansionwavetothe
entropy.discontinuity.Thisassumption,whichgreatlysimplifiesthe
computations,introduceserrorsthatincreaseinmagnitudeasthe
expansion-fanregionincreaseswithshockpressureratio.

Eqyations(la)and(2a)areexpressionsforthederivativesalong
chuactertsticsof Slope~=(Uta)o andequation(3a)evaluatesa
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. derivativealonga characteristicof slopeU. (particlepath).H
thelen@h ~ is titroducedanddefinedas thedistancethata particle

* intheperfectfluidhastraveledsinceitsaccelerationfromrestby
eithertheexpansionwaveor shockwave,thetermsof equations(la)
to (>) maybe evaluatedasfunctionsof ~ aloneineitherregiona
or ~. (Seefig.1.) It shouldbe notedthatthefunctionalrelation-
shipmaybe differentforthedifferentregions.Whentheseassumptions,
togetherwiththedefinitionof ~,areappliedto theregiona between
theexpansionzonesmdtheentropydiscontinuity,thefollowingrelations
areobtainedfromtheplotofdistanceagainstt- of figure1:

x = -a~ti+ Uo(t- ti) (4)

g = Uo(t- ti) (5)

Substitutingequation(k)intoeqyation(5)gives

~= ‘0 (x+ act)
U. + a~

Therefore

ao_do~_” ‘O do
ax d~ &-— U. + ae d~

and

ao_dio>_” aE do
at Lag& U. + ae d~

(6)

(7a)

(n)

Equations(7a)and(7b)maybe usedtoobtaintheconvectivederivative
asfollows:

D(~=U,+Uo&Uo~
Dt at (8)
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andsincethecharacteristicderivativeisexpressedas

o-w+ M_).
m Dt au ax (9)

thisderivativema-ybe written,forregion& offigure1,by substi-
(8)intoequation(9)astutingequations(~a)and

50_
Ml

80=
&t

d( )~ d( )+ ‘O —
o~- Uo + a~ a= d~

Similarly,forregionp,whichliesbetweentheentropydis.

(lo)

continuityandtheshockwave,

50 aMs-MP~lUdo—= (n)
bt Glfs- % 0 d~

Whenequations(%), (8),(10),and(11)aresubstitutedinequa-
tions(la)and(2a)andtheareatermisneglectedbecauseof the
averagingprocessdescribedinappendixA, thefollowingeqmtionsare
foundforregionsa and ~,respectively.Inordertoavoidneedless
repetition,theGolutionsforboth ~P/8tand bQ/bt arepresentedinoneequationwithbothplusandminussignsindicatedforcertainterms
on theright-handside.Theuppersignsapplytothecharacteristics
withslopeU + a andthelowersignstothosewithslopeU - a. !Thus,

f

--’J

(12)

r

G
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1—
a’s

(13)

Theseequationsmaybe integratedalongthecharacteristiclines.
However,foreaseof computation,sincetheslopesof theselinesare
assumedconstantforeachregiondueto thelinearizationprocess,integ-
rationmayproceedalongparticlepathsby a suitablechangeofvariable.
Forexample,fromthegeometryof theaccompanyingsketchofregiona, “
thefollowing

x(t)= -actf

x(t)= -ac~

X(t)= Utd+

equationsapply:

It(X,t)
-f- U(t- tf)

+(U+aa)(t-%)

(U- ~) (t- td) b
i

o x

Solutionsof thefirstandsecondequation6andofthefirstand
thirdeq=tionsyield

U+aa+ae
(t-t~)= ~+a (t- tb)

E
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U+a~- aa
(t- t~)= (t

U+ae

Therefore,fromthedefinitionof the
k = U(t- ti),thefollowingrelationsare

Along t~,

length~ inregionu as
obtained:

Along ttd,

(14)

(16)

(17)

Thereforeequation(12)isintegratedinregiona withthechangeof
variablespecifiedinequations(14)to (17):

or

(18)
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. and

4

or

Qt-Qi=
ac

Similarrelationshipsmay

(19)

be foundforregion~. Fromthegeometryof
theaccompanyingsketch,itisevidentt& x “By be expressedas-
follows:

X(t)= U~tj+ U(t- tj)

x(t) . Utf+ (U+ ap) (t - tf)

X(t)= Ustk+ (U- a~)(t- tk)

o

Solvingtheaboveequationsyields

aB(t- tf)
t- tj= u-us

d\
, (X,t)

t
/

f

/
/

and

Consequently,sinceinregion
. apply:

U* - U + aB(t

U*-U

x“

+t

- tk)

p, E= u@- tj),the followingrelations
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Along tft,

anddO?2g ttk,

Ml= # J“’ - ‘$
-MB-1

l+u~-M
E= P U(t- tk)

u% - MP

NACATN 3375

(20)

(21)

(22)

d~ u% - MP
8t=— (23)Ul+uM~- MP

Therefore,equations(13)and(20)to (23)canbe usedtoobtain

and

@pp UM6-Mp

JJ

g(t)
=— cfPd~

D OM~-MP-l tf
(24)

r

u

(25) N

P
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. Theentropyatanypoint(x,t) inregiona or ~ maybe foundsbrply
by integrationalonga particlepath(since~ istheproductof U

● multipliedbyflowtime,d~ = U dt),sothatfromequation(>),

St-sb
R

st-sJ
R 1

(26)

Itisnownecessazyto considerthetransmissionandreflection
ofthecharacteristicsat theentropydiscontinuityseparatingthe

% fluidwhichwasinitiallyat a highpressurebehindthediaphra~from
thatwhichwasinitiallyata Iowpressureaheadof thediaphragm.These
effectsareimportant,evenina linearizedsolution,becauseofthei largedifferencesin v whichmayexistinthefluidsoneachsideof
thediscontinuity.

Ifthesubscripto referstoconditionsina perfectfluid(that
is,immediatelyafterdiaphra~burstinrealfluid)andthenotation
offigure1 isfollowed,it
and 7 isthesameinboth

i=showninappendixC that,if A<< 1
a and “Pj

2s E+-sc As
—=
R R ()

.+(l+A)=+(l+A)
o

Then,

(27)

Pc - Pao+ Qf- Q@.
+=

[ 1

%3./’% Sf - spo Sc- s%
=1+

‘% + Q% 7

(-)

2
a~o - ~

R R

aa
o

(28)
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Thesecondtermontheright-hand
characteristicvaluewhichwoiLdoccur
refractionsevenwithoutanychangein
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sideindicatesthechangeinthe .

asa resultofreflectionsand
entropy.Thethirdtermevaluates P

theadditionalvariationduetothechangingentropy.

Thereflectionsat theshockwaveof theincidentwavesareof
higherorderandmaybe ignoredinthissolution.

Thefollowingeqyationsresultfromthedefinitionof P, Q,
and S/R andsubsequentlinearizationwiththelimitationto small
perturbations:

-lP+Q
~=~ a.

27 s-so
a 7-1 .-

P
()

R—=
Po z

(=1-1-

(=1+-

u P-Q—=—
% 2ae

e

27 S.SO

a-a. ~-—

)

R
e

a.

-+++”””7-1

2ya-~s-so+..
s~+ —— -

R . . .
7 -l%

(29)

(30)

(31)



HACATN 3375

2 s-s..3 .—. .,-,
P

()

a’—=—
PO aQ

— Re

(acP )

-Po+ Q-~ S-SO— -— +.....
a. aE R

17

(32)

Consequently,thedescriptionof theflowat ~ desireddistance
andtm maybe determinedlycotiiningequations(29)to (32)with
equations(18),(19),(24),(25),(26),and(28)withtheproperlimits
of integrationdeterminedby geomtryon thex,tplot.

Itistobe notedthatthevaluesof P, Q,and SIR mustdSCl

be determinedat theintersectionoftheentropydiscontinuitywiththe
characteristicpassingthroughthepoint(v or w) atwhichtheflow
propertiesaretobe determined.Thisstepisreqyiredto computethe
transmissionandreflectionsofthecharacteristicpmarmtersasdeter-

% minedby equation

InregionG
3

eqmtionsbecome:

Pv -

(28).

atthepoint ~ = W% = M&c% (seefig.1),the

(33)

(34)

(36)
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Qd-Gk=l+
%-9%

(P.-,q)+ (%-%)+

p% + %0

7-

.

C/
(37’)

(38)

It shouldbe notedthattheneglectoftheexpansionfaninthe
derivationisreflectedintheterm 1 + ~ -
limitsof integrationoftheaboveequations.
thepoint w is intheexpansionfanmakethe
negativeandgiveonlymeaninglesssuwers.

EquationssimilartothoseforregionG

~ appearinginthe
Valuesof ~ suchthat
factor1 + * - ~

areobtainedforregion~

Cfa% (39)

.-

V



NACATN3375

(PC-%)+(%-%)
+

‘%+%0

1-

(43)

(44)

Thesolutionto thesmall-perturbatio~problemof shock-tubeflow
hasnowbeenreducedto theevaluationof integralsof theform

J’
cf(~)d~ where ~ issimplya lengthformedby theproductof the

flowtires?mltipMedby thefluidveloci~. Amyanalyticor graphical
methd givingcf asa functionof ~ maybe usedin theevaluation
of theseintegrals.

b ordertoevaluateeqyations(33)to (~), it isnecessaryto
how thestateof thebound~ layerata pointintheshocktubewhich
isdenotedbya correspondingpoint ~(x,t)of thecharacteristics
diagram.Theboundq-layerproblemisa “hybrid”of theRayleigh
problemof theinstantaneousaccelerationof a flatplateandtheBlasius
problemof thesteadyflowovera semi-infiniteflatplate.It is

d
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similartotheRayleighprobleminthat,ata giveninstantof time,all
theflowbetweentheshockandexpansionwavehasbeenacceleratedfrom
zerovelocityto a constantveloci~butisdifferentfromtheRayleigh
probleminthatthefluidhasbeeninmotionforvaryingtimedurations.
Itis similartotheBlasiusprobleminthat,alonga particlepathin
x,tcoordinates,theboundsqlayerincreasesrearwardfromtheshock
or “leadingedge,”butisdifferentinthattheleadingedgeisnotsta-
tionary.A solutionto thishybridproblemforlaminarboundarylayers
wasfoundinreference3 forregionp by reducingtheunsteady-flow
problemto a steady-flowproblembychoosinga coordinatesystemfixed
to theshockwave. TheproblemthenbecametheBlasiusproblemnmdified
fora nonzerowallvelocity.Ina similarmannera solutioncouldbe
foundforregionCL iftheexpansionwavewereassumedtohavezero
thicbessandthecoordinateGystemwerefixedtotheleadingedgeofthe
expansionwave.

Forlaminarflows,thesolutionsto theRayleighproblem,theBlasius
problem,andthemcdifiedBlasiusproblemofreference3 allshowtheskin
frictiontobe inverselyproportionaltothesqusrerootofthetimethata
fluidparticleinthefreestreamoutsidetheboundarylayerhasbeenin
motionovertheplate.Itshouldbe notedthattheconstantsofpropor-
tionalityaredifferentineachoftheabovecases.No solutionstothe
turbulent-boundary-layerequivalentoftheRayleighormodifiedBlasius
problemareImowntotheauthors.Onemightassume,however,thatthe
stateof theboundarylsyerata pointin a turbulentflow(aswellas
in a laminarflow)overa flatplatewithzeropressuregradientmaybe
expressedas a fictionofthetimeintervalthatthefluidhasbeenin
motionovertheflatplateorofthedistancetheouterfluidhasmoved
alongtheplate.

Intheabsenceofa modifiedBlasiussolutioninregiona andof
my solutionwhatsoeverfortheanalogousproblemof turbulent-boundary-
layerflowineitheru or j3,anapproximatemethodofevaluationfor
theintegralsmaybe obtainedby extendingtheabove-mentionedtime-
dependencyassumptiontitherandassumingthatthelinearizedunsteady
flowina shocktubehasthesamepropertiesasanequivalentsteady
flowdefinedinthefollowingmanner:Thepropertiesof a laminaof
fluidintheshocktubewhichhasbeeninmotionwitha veloci~ U.
fora time t areequivalenttothoseofa laminaof fluidwhichhas
progressedrearwardfora periodoftime t fromtheleadingedgeof
a semi-infiniteflatplateina steadyflowwithfree-streamvelocityUo.
Undertheseconditions~ beconesthedistancefromtheleadingedgeof
theflatplate.

Theintroductionofthisassumptionreducesthesmall-perturbation
solutiontothesimpleevaluationoftheintegraloftheskin-friction
distributionalonga semi-infiniteflatplatein steadyflow.This
integralmaybe evsluatediftherelations~pbetweencf end ~ is
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. prescribedeitherinanalyticformor as a curveof cf plottedagainst
~ orof cf against&. Theformermethodof relationshipwill

* usuallypermitevaluationof theintegralin closedform,whereasthe
lattermethodmayrequiiregraphicalintegration.

A theoryhasnowbeenobtainedforsmll-p-erturbationflowina
shocktubewiththefollowingassumptions:

(1)Variationsfromperfectfluidflowshallbe small.

(2)Averagedvaluesareusedforquasi-one-d-nsionalflow.

(~)Averagedvaluesof p and U whichidenticallysatisfythe
continuityequationareslsoassmd to satis~the~mentumequation.

(4)Thefrictionaldissipationis approx-tedas theprcductof
theaverageveloci~tiresthewall-shesringforce.

(5)Theperfect-fluidchmacteristicnet,velocities,densities,
t andsoforthareusedtoobtainlinearizedvalues.

(6)Theexpansionfsmistreatedas a “negativeshockwave”inthat
* thefinslvaluesofveloci@,pressure,andsoon,sreassumedtoexist

irmnediatelyaftertheleadingedgeof theexpsmsionfan.

(7)H nUIEriCd evaluationofthetheo~ isperfomd on thebasis
of equivalent-flat-platesteadyflow,thefollowingassumptionsarealso
introduced:

(a)me steadysmdunsteadyskinfrictionsareequalfora
fluidwhichhastraveleda givendistanceovera flatplatein
steadyflowandfora fluidwhichhastraveledthessmedistamce
alongtheshocktubeinunsteadyflow.

(b)Theboundarylayeris smallrelativeto thewidthor
heightof theshocktube.

in a

ExPERIMENrAIl

Experimentstodetermine
high-pressureshocktube

APPARA!IWSANDPROCEDURE

thevalidityof thetheorywereperformed
.

2 incheshighby 1: inchestideinthe

Langleygasdynamicslaboratory.Airatroomtemperaturewasusedfor
bothl&&- ad low-pressuresectionsoftheshock-tube.Measurements

. of shockveloci~andpressure-timevariationweretakenatvsrious
pointsslongtheshockttie.

●
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Thelow-pressuresideoftheshocktulewasatroomconditions; .
whereasthehigh-pressurechamberwasfilledtopressuresof 45,70,
95,or 250poundspersquareinchgage. Eitheroneor twosheetsof *softbrassshimstock0.00125or O.CKl~inchthickwasemployedas a
diaphragm.Then~er andthicknessof thebrasssheetxweredetermined
sothatthediaphragmwasnearitsbreakingstressattheparticular
pressuresof thetest. Consequently,optimumdiaphragmburstwould
resultwhenthepointof therupturingmechanismpiercedthecenterof
thediaphragm.Ithasbeenfoundthatimperfectdiaphragmburstswill
resultinbothincreasedshockattenuationandscatterofexperimental
data.

Theshockvelocitywasmeasuredatdistancesof 3.23,5.23,7.23,
9.18,and11.18feetfromthediaphragmbyinsertingshock-tubesections
ofvariouslengthbetweenthediaphragmandtheglass-walledtestsec-
tion. A blockdiagramoftheexperimmtslapparatusis showninfig-
ure2. Velocitywasdeterminedfrommeasurementsofthetimerequired
fortheshockwaveto traversethe1.206feetbetweenthetwolight
beamsoftheopticalsystems.(Seefigs.2 and3.) Eachopticalsystem
consistedofa direct-currentautomobilelampwithlinefilamentdined
verticallyatthefocalpointof a two-inch-diameter,seven-inchfocal-

r

len@h lens.Thelightemittedfromthelenswasmaskedto a vertical
slitapproximately0.030inchwideand1 inchhigh. Straylighton the P
upstreamsideofthisbeamwascutoffwitha sharpMife edge. The
beamthenpassedperpendiculsmlythroughthetest-sectionwindowand
impingedontheedgeofa secondkuifeedgeaboutteninchesfromthe
test-sectionwindow.Whentheplaneshockwavereachedtheupstream
edgeofeachbeam,lightwasrefractedoffthesecondlmifeedgeontoa
phototube.Theresultingsignalofeachphototubewasamplifiedbythe
circuitshowninfigure4. Theoutputpulsefromeachthyratron(2D21)
wasusedtotri~eronechannelof aneight-mgacyclecounterchronograph.
Thepulsefromtheupstreamsystemtriggeredthechronograph“start”
circuitandthatfromthedownstreamsystem,the“stop”circuit.(See
fig.2.) Thetimeintervalcouldthusbe measuredtowithin
iiL/8microsecond.

Pressure-timerecordswereobtainedforthefournominalpressure
ratiosata distanceof 8.13feetfromthediaphragmby employinga
flush-nmuntedcapacitor-mepressurepickup(RutishauserElectronic
PickupIndicator,!&peST-127A)andassociatedapparatus,m shown
schematicallyinfigure2. ThesignsJfromfluctuationsonthepressure
pickupwasfedintotheY-axisofonebeamof a four-chsmnelcathode-ray
oscillograph,andtheresultingdeflectionofthebeamwasphotographed
by anNACAsynchronousdrumcamerarotatingat1,800rpm. A l,~o-cps
sine-wavetimingtracewasfedintoanotherchannelof theoscillograph
inordertoobtaina timebase.
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. Theoscillographbesmscouldbe turnedonandoffelectronicallyby
applicationof a suitablesignaltotheZ-axisof theoscillograph.This

● signalwasobtainedfroma piezoelectriccrystslpickup,a preamplifier,
andanNACAelectronicshuttercircuit.(Seefig.2.) Thecrystalpickup
waslocated6.4feetfromthediaphragmsothattheoscillographwould
recordthesmbientpressure(“zerotrace”)beforearrivalof theshock
wave. Thetimedurationof theoscill.ographtracewasadjus+xibleup to
20milliseconds.

A minimumoffivetestrunswasmadeforeachcombinationofnomi-
nalpressureratioanddistanceto themedianpositionof theveloci@-
measuringsystem.Thechronographtimeinterval,theshock-tube-wall
temperature,andthebarometricpressurewererecordedforeachtest.

Pressure-timerecordsat x = 8.13feet weretaken,slongwith
simultaneousveloci~measure~ntsata medianpositionof 9.23feet.
me aforementioneddatawererecordedsmd,in adtition,a staticcali-
brationofthepressuregagewaspsrfornedforeachrun. Thiscalibra-
tionwasmadeby applyingpressuretotheshocktubeinpredetermined

L increments,andateachpressureleveltheoscillographZ-axiswasener-
gizedsothatthestatic-pressurecalibrationtraceof thegagecouldbe
photographedtoplacea pressurescaleonthedrum-camera-filmrecord.

G

RESULTSANDDISCUSSION

EvaluationofExperinwntslLData

Theexperime~talshockstrengthsshowninfigure5 weredetermined
fromthetimeintervalAt secondsfortheshocktopasstheslitsof
themeasuringstationa distsmceAl feetapartas follows:

whichbecomes,for

~s 27 () 2
AZ/At Y - ~—=— -—

Pm 7+1 % 7+1

7= 1.40 anddryair,

(45)

~=~#’ -0.1667 (46)

Thepressurewasplottedat a valueof x halfwaybetweenthephototubes.

4
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Theexperimentaldatarequiredgomeslightad@stmentbeforeit could “
presentedinfigure5,eachpartofwhichrepresentsa comnondiaphr~

pressureratioor theoreticalperfect-fluidshockpressureratio.Since
thetestspertinenttoa givennominaldiaphragmpressureratioweremade

*

tiththehigh-pressurechsmiberatthesamegagepressure,variationsin
atmosphericpressuxefromtimetotimecauseda variationindiaphragm
pressureratio.Thereqyiredadjustmentwasmadeinaccordancewiththe
relationsthatfollow(notationof fig.1).

Sincetheequationrelatingshockpressureratioto diaphragmpres-
sureratio(seerefs.3,h, and7)maybe expressedinfunctionalformas

then

and

(47)

(48)

(49)

Thereferencevalueof p~/pm foreachnominaldiaphragmpreqsure
ratiowastakenasthevalueexistingwhenthepressure-therecordswere
obtainedby thecapacitorpickup.

Sinceeachofthevelocitysymbolsrepresentsan average(ona given
day)offromfivetotentestruns,inwhichthescatterinanysettsken
onthesamedayislessthanthescattersmongaveragesofdatatakenon
differentdays,thereasonforthediscrepancybetweenaveragesatthe
samedistanceandssmstheoreticalpressureratiois-own. Temperature,
viscosi~,andhumidi~corrections,determinedfromthelineartheory
amdappliedh theseexperimentalpoints,areinsufficienttomskethe
averagescoincide.Thecauseof theapparentlyhighexperimentalpres-
sureratioat x = 3.2feet (fig.5)isalsounexplainableatpresent. “

?
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Thepressure-timetracesofthecapacitorpickuplocated8.13feet
thedianhramnstationareshowninfigxe 6. Theltiea-theow

4 valuescompu~edit x = 8.ofeet areplot~ed(circledpoints)forcom-
parisonatmillisecondintervelssfterthearrivslof theshock.The
shockpressureratioobtainedfromconcurrentveloci~dataforeach
particularrunfallson theidtialtheoreticalpointwith@ theaccuracy
ofplotting.Theveloci~data,obtainedat x . 9.23feet,wereadjusted
to 8.13feetby drawinga curvethroughthevelocitypointat 9.23feet
psrslleltotheexperimentalcurvesof figures5(a)to 5(d);thereby
compensationwasprovidedforanyscatterintheparticulartest.

EvaluationofId-nearTheory

Constsmtsemployed.-Theequationsof thelineartheoryareevaluated
on theassumptionthatstadardatmosphericconditionsexistinthelow-
pressmechaniberunlessspecifiedotherwise.Temperaturerecoveryfac-
tors r of 0.90and0.85sreusedfortheturbulentandlsminarboundsry
layers,respectively.A FrandtlnumberPr of O.~ anda valueofthe

L BlasiusconstantB of 8.70areassumed.

* Thetenrperature-tiscosi~relationship

T + 223.2~ 1“5P-m
l% ()T+223.2 ~

wasexpandedforcomputationalconvenienceto givethe

(50)

approximation

(51)

whichisconsideredvalidinthetemperaturerangenear520°Rankine.

Relationbetweenef(~) * ~.-VariOUStheoretic~~empirical->
andexperimentalrelationsareavailableforrelatingcf h 5 for

evaluationof theintegral$()cf ~ d~. Iftheassun@ionof an

equivalent-flat-platesteadyflowisemployedandthe
profileobeysthelaw

% #—=u ()b

boundsry-layer

(52)



26

it iS shown
smdfor n

NACATN 3375

inappendixD foranincompressibleturbulentboundarylayer
and B independentof ~ that

Then,theintegralmaybe evaluatedinclosedformas

(55)

,

t-

(53)

(54)

Similarly,iftheequivalentsteadyflowisusedwithanincompressible
kminarboundarylayer(seeref.9),thesolutionis

()1/2cf(E)= 0.664~
Ug

(56)

IfthemovingwallormadifiedBlasiussolutionofreference3 is
used,theexpressionfor cf(~) inregionB reducesb

A2Us , 1/2

()
cf(g)=.———

Al U U~ (57)

r

*
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. inwhich A2/Al areconstamtsevaluatedinreference3. Then

(58)

Sincereference3 doesnotconsiderregioncc,no equivalentexpression
forthisregionisavailable.Eowever,ifthesamegeneralassumptions
wereappliedtoregionm aswereappliedtoregion~,evaluations
of cf(~)wouldagainyieldemequationinwhich cf(~) isproportional

1/2
to

()$“

In ordertodeterminea possiblecorrectrelationshipbetweenCf(g)
and ~ tobe usedinevaluatingthelineartheoryfortherangeof
experimentscoveredinthispaper,thecurvesof theoretical.andexperi-

k mentelshockpressureratioagainstdistanceof figwe 5(c)wereused.
In additiont:
pressureratio

● areplottedby

(frictioncf=
\

theexperiment~pointsobtainedfo=a no&naldiaphragm
of 7.455(shockpressureratio2.523),theoreticalcurves
assuminganequivalentsteadyflowfor (a)lsminsrskin

)()o.664R&/2; (
-1/5b turbulentskinfrictioncf= O.058~ ,

n = 7)withandwithoutheat-transfereffects;and (c)an~r-nw

curve(fromfig.8$ofref.10)gitingtheintegratedvalueof cf,
whichincludestheeffectoftransitionof theboundarylayerfromlaminar
to turbtient.Since,asmentionedprevioudy,themcdifiedlaminar
Blasiussolutionof reference3 wasnotevaluatedinregionu,no theo-
retical.curveC= be drawnforthecorrespondingcf(~).However,due
tothelaminarassur@ionsof reference3,theattenuationin shockpres-
sureratiowouldbe proportionalto @ if cf(~)wereevsluatedin
regiona withsiudlarassumptionstothoseusedforregion~. Con-
sequently,inordertodeterminewhethersucha nmdifiedBlasiustreat-
mentcouldpossiblyyieldthecorrectrelationbetweencf and ~,a

h-s %ocurveof the~e —=—- (Constaat)6 wasfittedb theexperi-
Pm pm

mentaldataat x = 9 feet andtheconstantwasfoundtobe 0.c626.

Thisresultingempirical curve,
Pvs
—= 2.523- o.0626~,iS dso plotted
Pm

& infigure5(c).
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Itisevidentfroman inspectionoffigure5(c)thatbestagreement
betweentheoryandexperimentisobtainedeitherfromtheturbulentskin-
frictionlawincludingheat-transfereffectsorfromtheexper-ntally
determinedskin-frictioncurveofreference10. Thereasonforthesimi-
larityof theshockpressurecurvesobtainedby thesetwomethodsis

.
simplythat,for ~ < 20x 10b,theturbulentskin-frictionlaw

( )‘1/5 fora valueof nCf= o.0581& = 7 whenintegratedclosely

approximatesthecurveinreference10exceptatlowvaluesof ~,
wherethelaminarandtrsmsitioneffectsareapparent.Theselat$er
effectsresultintheinflectioninfigure5(c)of thecurvebasedon
thedragcurvefromreference10. Inasmuchasthesetwoskin-friction
curvesRSUJ_tin 8hDSt thesametheoreticalshock-pressureattenuation
eithercouldbe usedforfurtherevaluationofthetheory.However,
sincem smalyticclosed-fomnintegralismoreconvenientforcomputation

()-1/5
inthiscase,theskin-frictionlawcf= 0.0581~ wasusedfor

evaluationofthelineartheoryfortheotherfiguresinthispaper.

Itisalsoevidentfromfigure5(c)thattheequivalentsteady-
flowlaminar-bound~-layerskinfrictionpredictsshockattenuation
muchlessthanthatmeasured.Furthermore,theempiricalcurve(atten-
uationproportionalto @ - whichmightbe saidtorepresenttheshape
ofhminarsolutionsin general,includingthemdifiedBlasiussolution-
doesnotindicatethetrendofmeasuredshockattenuation.Thus,it
mightbe inferredfromtheseconditionsthattheboundarylayeristurbu-
lentinmostof theshock-tube-flowregionsa and ~ atthesevalues
of ~.

Comparisonof TheoryandExperiment

Shockattenuationwithdisteacefromdiaphragm.-Thetheoretical
shockpressurelossandshockattenuationcoefficientsarepresentedas
functionsofperfect-fluidshockpressureratiosinfigure7. These
relationsareusedtopredicttheattenuationoftheshockwithdistance
traversedfromthediaphragmstationinfigure5 smdthetheoretical
resultsarefoundtobe ingoodagree~ntwiththeexperimentaldata.
Althoughthetheoreticalpointsarecomputedforstandardatmxpheric
conditions,theexperimentalpointsareadj%.tedto thenons~d~d atmos-
phericconditionsexistingwhenthepressure-timerunsweremade. In
ordertodeterminethemagnitudeoferrorsointroduced,thetheorywas
evsluatedforthenonstandard(T= 542°,p = 14.7lb/sqin.) conditions
forthediaphragmpressureratioof 17.915wheretheerrorintroduced
wouldbe largest.Theadjustedtheoryindicatedby thedashedcurveof
figure5(d)showsa slightincreaseinattenuationwhichagreessomewhat

.

b

c

●
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. betterwithexperimentthanthe“standsrdatmmspheretrtheory.The
adjustmentfornonstanddcortditionswouldbe evenlessfortheother
pressureratios.(Seefig.7(b).)

Q

Useofthelineartheorywitha valueof cf= 0.0%~-1/5 appears
in figure5 tooveresthatetheattenuationslightlyatthelowershock
pressureratios(below2.5)withtheoppositeeffectappsrentathigher
ratios.Thistrendcouldbe dueto anyof a numberof simplifications
madein thetheoryandcomputations.Twoofthemoreobviousfactors
aretheReynoldsnumberandcompressibilityeffects.As thediaphragm
pressureratioincreases,theReynoldsnumiberof theflowperunitlength
increases.Since,forthecomputationsof thisanalysis,cf isasswd

proportionalto ~
(

‘2/(~3) whichiS equal to ~-1/~ fOr n = 7
)

andsincesteady-flowexperimentsingenerslindicatea trendof cf
proportionalto smallerpegativepowers(largern)with ~ increasing,
thereisthepossibili~thatvaluesof n shouldbe increasingsome-
whatwith & anddiaphragmpressureratio.Compressibili@wouldtend
to reducetheratioof thecompressiblecf b theincorqressiblecf

k
andconsequentlywouldtendtoreducetheattenuationastheflowMach
numbersincreasedwithdiaphragmpressureratio.

●

Theneglectof thespreadingoftheexpansionfanmustalsobe con-
sidered,sincethisomissionmustintroduceanerrorwhichincreases
withshockpressureratio(expsmsion-femsize).

Otherpossiblefactorsopento questionaretheuseof constsmtPr)
theevaluationofheattrsmsferon thebasisof v of thefluidinthe
centerof theflow(forexample,notat so~ intermediatetemperature
betweenthewallandstresm),andtheuseof r = 0.90(0.85).Ibweva,
becauseof theassumptionsintheone-dimnsionalaveragingprocess,in
thelinearizationprocedure,andintheapplicationof sneqtivslent
steady-flowboundarylayer,thesepointssreminorrefinementstothe
theoryintheexperimentalrangeconsidered.Nevertheless,suitable
correctionsshouldbe appliedashigher
goodcorrelationisdesired.

Thecurvesof figure7,whichwere
and cf= 0.0581R&/5,Summarizeshock
linesrtheoryforshockpressureratios

diaphrqgnpressmesareusedif

computedon a basisof a~= ~
attenuationpredictionby the
up to10. For cf proportional

~ ~-2/(n@)tiis curveisofthew

(59)
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where4 istheshock-pressureattenuationat a distsmce2 fromthe .
diaphragmstation.Accordingtothisequationtheattenuationata
constantnumberofbytiaulicdiametersfromthediaphragmwouldvaryas

2 P
-—

()

a> n+3
theshock-tubeReynoldsnumiber~ . Thisrelationshipisdls-

m
cussedmorefullyIna subsequentparagraph.

Variationofpressuretithtimeata givendistance.-Fressure-ti~
curvesobtainedexperimentallyby thecapacitorpickuplocateda distance
of 8.13feetfromthediaphragmstationsrecomparedinfigure6 with
theoreticalresultscomputed(seefig.8)fora distanceof 8 feetand

‘1/5.Theerrorintroducedby thevariationindistanceCf= o.o~q
is about1 percentoftheattenuationpressurechangeandmaybe ignored.
Theexperimentalshockpressurewasalsoobtainedforeachrunby com-
putingthepressureat 9.23feetfromsimultaneousvelocitymeasurements
andtheninterpolatingbackto 8 feetalonga curveparalleltothe
experimentalcurveof attenuationagainstdistance.Thesevelocity
measurementsfallon thetheoreticalmeasurementswithintheaccuracyof
theplottingof figure6.

z

Boththeoreticalamdexperimentalcurvesshowa pressureincreasing #
withtire?.ThisincreasehasalsobeennotedwhenNACAminiatureelectri-
calpressmegages,aswellaspiezoelectricpressurepickups,havebeen
employed.Theinitielpressureriseacrosstheshockdeterminedfrom
thevelocitymeasurements,aswellasfromthetheory,appearsto fall
belowtheaverageoftheinitialdampedhigh-frequencyoscillationsofthe
condenserpickuppressure-timecurve.However,thedynamicresponseof
theRutishausersystemisnotknown,whereastheshock-velocitymeasuring
systemhasa knownhighprecision.Consequently,theuseof theinitial
shock-velocitypressurepointinconjunctionwiththeRutishauserrecords,
afterthehigh-frequencyoscillationshavesubsided,appesrsa logical
choicetogivea betterrepresentationof theactualpressure-thephe-
nomena.Suchsm “experimental”curveagreesveryfavorablywtththepres-
surerisepredictedby thelineartheory.

Variationofotherparameterswithtimeata givendistsmce.-Fig-
ures9 to 12 showthepredictedvariationwithtimeof averagesonic
speed,fluidvelocity,density,andMachnumberat x = 8 feet.The
changeof theseparameterswithtimeincreaseswithshockstrength,since
theskinfrictionandthetemperaturedifferencebetweenwallsandfluid
increasewithshockstrengthforlowvaluesof shockpressureratios.
Theseaforementionedquantitieswerenotmeasuredintheexperimentsof
thisinvestigation;however,thephenomenaofdensityincreasingwith
timewerefoundexperimentallyby theuseof a cbrono-interferometerand
arereportedinreference8. Thebehavioroftheaverageparticlevelocity -
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.
hasnotbeenascertained.An increasein speedof theleadingedgeof the
mixingzonewhichreplacestheentro~discontinui~betweenthehotsmd

* coldgasregionsofthetheoreticalflowhasbeenreportedinreference7
andelsewhere.However,theapparentvelocityincreaseoftheleading
edgeisalsoattributabletoturbulentmixingsinceit ishewn thatthe
widthofthezoneincreaseswithtime. Consequently,thevelocityof the
leadingedgedoesnotgivea trueindicationoftheaveragepszticleveloc-
i@ dueto themaskingeffectofmixing.An increaseinMachnumberwith
timewasfoundexperimentallyinreference3. Also,an attempttomeas-
uresoundspeedwasreportedinreference3,butthereportedresultof
constantsoundspeedwith*2 percentvariationovera 100-microsecond
intervaldoesnotappearsignificsmtinviewof theprocedureemployed
and,inaddition,thepredictedlinear-theoryvariation(fig.9) isless
thm scatterof thedataofreference3.

CorrelationofWaveSystemandFlowPhenormna

Wavegenerationandidentification.-Theresxetwowaysto consider
pressurewaves:Thenmrefamiliarmethodisthatof an observerin a
~tiedpositionwho (withwavesassumedtobe comingfromonlyonedirec-
tion),upondetectingan increasing(ordecreasing)pressuretithtime,

. recognizesthearrivalof a compression(orexpansion)wave. Theother
methodisthatof anobsemer,travelingwiththespeedofthewave,
who (wavesagainassud tobe comingfromonlyonedirection),upon
detectingan increasingpressurewithtime,recognizesthegeneration
of compressions.Thismovingobservermayalsodeterminethetypeof
wa’vewith.whichhe is associatedby ascertainingat a giveninstantof
timewhetherthepressureislower(orhigher)~ead of thewave,in
whichcasehe is travelingwitha compression(orexpansion)wave.

Thestationaryobservertilldetectwavesonlyinunsteadyflow,
whereasthemetingobserverwilldetectthegrowthofwavesin a steady
flow. AS snexampleof thelattercase,considertiepress~edI’OPof
a steadyflowof airthrougla frictionzone. Itmaybe treatedas a
systemofdowmstresm(P)waveswhich,althoughof zerostrengthbefore
enteringthezone,becomestrongerexpansionwisethefartherintothe
zonetheytraverse.Simultaneously,thereis a trainofupstream(Q)
waveswhich,alsoof zerostrengthinitial@,growintostrongercom-
pressionsastheytravelup intothefrictionzone.Thesetwosystems
ofnmvingwavescombineto forma standingwave,invariantwithtine,
or a pressuredropalongtheflow. Consequently,a fixedobserverwould
recognizenom-wingwavesin theflow. Itmightbe notedthatthese
trainsofwavesarethereflectionsofthewaveswhichproducedthe
steadyflowfromqtiescentair.

Cognizanceshouldalsobe tskenof thefactthatthetwoobseners
woUlddisagreeon thetypeof supersonicQ wavesin a flow. Consider
a unsteadycompressionwavenmvtngupstreamagainsta supersonicflow

●
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.
butactuallybeingwasheddownstreamrelativetoa fixedcoordinate
system.Thetravelingobserverlooksahead(upstream),seeslowerpres-
smes,amdsorecognizesa compressionwave. Thefixedobserwer,how-
ever,firstencountersthetrailingedge(highpressure)andthenat a
laterinstanttheleadingedge(lowpressure)of thewaveandapparently
recognizesanexpansionwave,sincethepressurefallswithtime. Con-
sequently,insupersonicflowthefixedobservermustmakeadditional
velocitymeasurementsinorderto interpretthewavesigncorrectly.

Theunsteadywavesgeneratedi.nthevariousregionsof theshock-
tubeflowcm best
tionswhichresult
equation(31)

16Qla—— -.—
ac M 7 a~

Itisevident

veloci~wavesbut

be understoodby considerationofthefollowingequa-
fromequations(1),(2),(3),anddifferentiationof

.

a
[[

}
= ~%Jcf (7- l)MT ~M+ Pr-2/3~D a~

●

(60)

~s
thattheterm ~ isnotconnectedwithpressureor

St

{1Pmerelyaccountsforthechangein
Q

=~a~u due

to traversalofthecharacteristicthroughfluidofdifferententropy.
Thepressme-wavegenerationisrepresentedby thechangeinthedifference
ofthesetermsandisa resultoftheskin-frictiondragandheattransfer
asexpressedinthefirstandsecondterms,
ontheright-handsideofequation(6o).

E equation(6o)isnowexaminedfrom

viewpoint,whichismwe appropriatesince

respectivefi,withinthebraces

thetravelingobserver’s
8( } representsthechange
F

withtimeasnoticedby thetravelingobserver,thefollotingfacts
becomeobvious:

(1)Upstream(Q)compressionwavessregeneratedby theeffects
ofbothheatadditiontothefluidandskin-frictiondrag. .

●
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.
(2)Dwnstream(P)

s (3)Downstream(P)
dragif M<~.

7-1

(4)Downstream(P)

33

compressionwavesme generatedby heataddition.

expansionwavesaregeneratedby theskin-friction

compressionwavesaregeneratedby theskin-
frictiondragif M >~.

7-1

Thislastresult(item(4))wasunexpectedsincethedragisusually
consideredashavinga brakingordecelerating(exp=sion)effecton
thefluidaheadof it.

Thefollowingfactsmightbe notedat thispointconcerningthe
heat-trsmsferandskin-frictioneffects.Expansionwaveswillbe gen-
eratedin a forshockpressureratiosup to about5.9whenairat
initisllyuniformtemperaturethroughoutisusedonbothsidesof the
diaphragm.Forpressureratiosabovethatvalue,compressionsaregen-

. crated.Also,heattransferisto thefluidinregionu belowshock
pressureratiosgxeaterthan7.5;abovethisratiotheadiabaticrecovery
temperaturebeginsto exceedthewalltemperaturefor r = 0.9.

n

For M<~ thefollowingconditionsthenapplyfor T. = T= =
7-1

‘wall“ Inregionm heatisbeingtransferredto thefluid.Thus,
theeffectsofheat-transferandskin-frictiondragareadditivewith
regsrdto thegenerationof Q compressionwaves.However,inregsrd
to thegenerationofP waves,theeffectssxein oppositionsincethe
heattransfertendsto generatecompressionsandthedrag@ generate
expansions.Inregionp heatisbeinglostfromthefluidto the
walls. Theheattransferanddragsre,therefore,cumulativewithrespect
totheproductionof P expansionssadinoppositionwithrespectto
Q waves.Thestrongerwavesgeneratedwill,consequently,be Q ccxnpres-
sionsinregionm andP expansionsinregionp,wherethedragand
heat-transfereffectsarecumulative.

Solutionforshockpressureratioof 2.6.-Theexclamationforthe
flowbehaviormaynowbe consideredwiththesepointsinmind. me plot
of x againstt fora shockpressureratioof 2.6is showninfig-
ure13. Adjacenttovariouspointsareindicatedthevaluesof P’, Q’,
a’, U, and p. Theprimedquantitiesreferto thevaluesthattheparam-
eterswouldhaveif an imaginarylaminaof fluidwithentropyequalto
thatof theunperturbedflow,butwithvelocitiandpressureidentical
withthelocslperturbedflow,wereinsertedintheflowat thesepoints.
Inotherwords,let

. (61)
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andsoom Thensince,by useoftheimaginarylamina,theentropyterm
mskesno contribution,P’ representsonlythepressureandthevelocity
waveeffects.

Thereasonforthedecreasein shockpressurewithtimeisnowevi-
dent. JustbehindtheshocktheovertakingP expsmsionwavesaregrowing
in strength(P’ decreasing)inproportiontothet- titervalthatit
takesfortheP characteristictotraversetheregionsa and ~;and,
of course,thistimeintervalincreasesasregionsm and ~ diverge
withtime.

Infigure13,thevaluesof P’ on the P sideof theentrow
discontinuityaregraduallydinrhdshingwithtimefromthevalue
P’.= Ppo= 6.7471amasweakexpansionsaregeneratedinregiona.
Theseexpsmsionsareweakbecausetheskin-frictionexpansioneffectis
ohlyslightlystrongerthantheopposingheat-transfercompressioneffect.
Thevalueof P’ slowlydecreaseswithtimealongtheentropydiscon-
tinuityastheregiona inwhichthewavesaregeneratedbecomeslager.

Inregion~,however,boththeskinfrictionandheattrsmsfer
combineto generatestrongP’ expansionswhichincreasein strength
(P’ decreasing)rapidlywikhdistancetraversedin p. Thus,thefirst
P characteristicshowninfigure13haeexperienceda decrementin P’
from Po = 6.5451of only0.00> attheentropydisconttiuityandDf
0.1167whenitovertakestheshock.ThesecondP characteristicshown
hasa decrementin P’ of 0.0105attheentropydiscontinuityandof
0.2032whenitfinallyovertakestheshock.Notethemuchgreater
expansiongeneratedinregion~.

Thecauseofthevariationofpresswewithtimeata givenstation
isnotsoobviousbutmaybe describedin a simplemannerforthepar-
ticularpressureratioof2.60asfollows(theexplanationisnotgen-
eralsincethesignsof someofthewavesmaychangewithdiaphragm
pressureratio):At a givenvalueof XP,astimeincreasestheinci-
dentdownstreamcharacteristicshavetraversedlongerdistancesin ~
md shorterlengthsin 13.Nowsincethedragandheattransferdonot
reinforceoneanotherin m,whereastheyhaveanaccumulativeeffectin
~ onPwaves,theeffectofdecreasein traversaltimeof ~ nnre
thanoffsetstheeffectof theincreaseinthatof a.

Iffigure13 is againused,thefollowingtabulationcanbe madefor
thevaluesof thevariationin P’ alongthecharacteristicforthefour
characteristics.Subscriptsdenoteregionsresponsibleforthevariations.

.

.
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FCharacteristicsline
(fig.13)

1
2
3
4

Z
-o.C@
-.0105
-.0179
-.0232

5P’P

-0.1113
-.0602
-.0255
-.C@17

mP ‘

-0.1167
-.0707
-.ok34
-.0279

aValueincludesreflectionatentropy
discontinui~.

Consequently,eventhoughexpsmsion6arebeinggeneratedin a and p,
to a fixedobserverata givenx~,theincidentdownstreamwavesa’ppesx
as compressionsinthatthevalueof thepsrameterP’ isincreasing
withtimesimplybecauseitsreductionfromtheconstsmtvalue Pc is
decreasingwithtime. In otherwords,theexp~sioneffectgenerated
alongtheP characteristicsup to a given

-
X9 isdecreasingwithtime

althoughthenetexpsmsioneffectup to theshockwaveisincreasing
withtime. tiaddition,theincidentQwavesinregion~ arecompres-

. sionwaves(forexample,bag effectis lsrgerthanheat-transfereffect
forthisparticularcase)thestrengbhofwhichincreaseswithtrav-
ersaldistance(time)fromtheshockto a fixed xp. me resultof
theseincidentwavesisthusa pressurerisingwithtime.

Theaverageveloci~isincreasingwithtimeat a given x~ because

()

aP‘the“effectivecompressions,”thatis ~ > 0, downstreamarestronger
x

thantheupstreamcompressions.Theaverageveloci~of theentropy
discontinti@decreaseswitht- becausestrongerexpansion=(lower
valuesof P’)sreovertakingitfrombehindwhilesimultmeouslystronger
compressions(highervaluesof Q’)aremeetingitfromahead.I?athwaves
aredeceleratinginfluences.Theaverageveloci~justbehindtheshock
is,of course,decreasingwithtimeanddistance.Forthisparticular
case,theperfect-fluidvelocityisneverattainedin regionp for
t>o.

Althoughtheprimedquantitiesoffigure13 givecorrectvaluesof
pressureandaveragedveloci@,thevalueof a’ isnotanindication
of thecorrectaveragesonicspeedsincetheprimedquantitiesare
slwaysevaluatedinan imaginaryfluidlaminaof constantentropy.If
theentropycorrectionwereapplied,itwouldbe foundthattheaverage
sonicvelocity(temperature)isdecreasingwithtimeinregion~
becausetheeffectof theheattransferredoutof thefluidis greater
thanthercotiinedeffectofthecompressionwavesandfrictionaldissi-
pation.Inotherwords,althoughthestrengthof theincident“compression”
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wavesincreaseswithtimeata givenx, thefluid
hasbeeninmotionforincreasinglylongerperiods

NACATN 3375

arrivingatthat x
andmoreener~ is

lost by heattrsmsfertothewalls,sothatthenetresultisa decrease
intemperature.

AssessmentofVariousAssumptions

Thefavorablecorrelationbetweenexperimentandlineartheorysti-
stantiatestheuseof a small-perturbationapproach.However,thelimi-
tationsof theassumptionsusedintheanalysismustbe recognizedand
weighedcarefullybeforeapplicationof thetheoryto a particular
problem.

Oneof themostprecariousassumptionsintroducedwastheaveraging
process,wherebythequasi-one-dimensionalflowwastreatedas a pure
one-dimensionalflowinwhichaveragedvaluesof p and U weredefined
asthosesatis~ingthecontinuityequationintegratedovera crosssec-
tionof theflow. Itislmownthatthisassumptiontillintroduceerrors
in themomentumequation.Theseerrorstillbe smallerfor“full”veloc-
ityprofilesand,iftheboundary-layerprofileisassumednotto change 9

withflowtravel,willincreaseinmagnitudeastheratioofcross-
sectionalaveragevelocitytomaximumvelocitydecreases.Theerrors
willalsoincreaseaathevelocityprofilechangesshapewithflowdis-
tance.Forexample,consideranincompressiblesteadyflowof fluid
enteringa pipewitha purelyone-dimensionalrectangularvelocitypro-
filewhichlaterbecomesa parabolicvelocityprofilesomedistancealong
thepipe. Theflowhasa constantaveragevelocity,yetitrequiresa
pressuredropin excessofthatneededtoovercomefrictionto account
forthechangedvelocityprofile.Consequently,theaveragingprocess
employedinderivingthebasicequationsmaylimittheapplicationof
thetheorytoboundaxylayerswhicharesmallrelativetotubeheight
andwidthorwhichhavenearlyconstantshapesalongthetubelength.

Inaddition,iftheskin-frictionintegralistobe evaluatedby
theuseof smequivalent-flat-platesteadyflow,thereis introduced
theassumptionof a shock-tubepotentialflowboundedby a viscousbound-
arylayer.Evenwithouttherestrictionsof’anaveragingprocess,this
assumptionrequiresa boundary-layerthicbess b smallinrelationto
thedimensionsoftheshock-tubewidth.!Ihisrestrictionwasviolated
inthenumericelevaluationofthetheorywhenappliedtotheexperi-
mentalresults,‘sincethetheoreticalvalueof b at theentropydis-

continuitywasapproximately1 inchtithe1.$-by 2-inchshocktubefor

x = 8 feet fortheworstcase‘(shockpressureratio1.94).Thefact
thatagreementwasstillgoodbetweentheoryandexperimentevenunder
theseconditionsindicatesthatthisboundsryassumptionmaybe violated
markedlywithoutseverelypenalizingtheaccuracyof thetheory.Of

.

.
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> course,whentheboundszylayerdevelopsto sucha degreethatitfills
thetubeandso-called“yipeflow”arises,thenthecharacterofthe

4 flowwillbe soalteredthata newapproachbasedonpipeflowwould
probablybe mre applicablethantheboundary-layerandptential-flow
approachoftheequivalent-flat-platesteadyflow.

Theassumptionof a flowmdel inwhichveloci@andthermal
boundsry-l~ereffectsareincludedby averagingacrossthechannelarea
isopentofurtherqyestion.Thistiel presumesinstantaneoustr-fer
ofheat,mmnentrm,andsoforth,fromthefluidadjacentto thewallto
thatinthecenteroftheflow. Inreality,however,eithermolecularor
macroscopicmotionoftheparticlesortransversepressurewavesisnec-
esssryforsucha transfersothattheinfluenceisfeltatthecenter
laterthanatthewalls.Sucha delayisusuallyof secondorderand
canbe ignored.

Theaccuracyof theapproximationforthefrictionaldissipationas
equalh theproductofwallshearingstressandaveragedvelocitycsmnot
be verifiedunlessthevelocityprofileisknown;however,thisapproxi-

h mationshouldbe god formmy casesandisexactforbothtrueone-
dimensionalflowsandPoiseuil.leflows.

Thelinearizationofthedifferentialequationspreventstheappli-
cationof thetheoryto largedeviationsfromthetheoreticalflow. The
degee towhichthisrestrictionmaybe stretchedis stillunlmownsince
theexperimentaldatacomparedwiththeoryhadvariationsfromperfect
fluidflowonlyup tofifteenpercent.

Intheanalysisitwasassumedthattheleadingedgeof theexpan-
sionwavetraveledwitha velocity-a= andthatimmediatelybehindthe
leadingedgethefluidandsonicvelocitieswere U and ~, respec-
tively.Sincethesonicsp-eedvariesfrom a= to ~ andthefluid
velocityfrom O to U as theexpansionwaveistraversed,theabove-
mentionedassumptiontillintroducesmerrorwhichwillmagnifyas the
expansionfanbecomeslargeratthehigherdiaphragmpressureratios.
Furthermore,ifa mre exacttreatmentweredesiredfortheexpansion
region,itwouldbe necessaryto considersmequivalentaccelerating
steadyflowwitha favorablepressuregradient.

Inthenumericalevaluationof thetheo~,itwasassumedthatthe
functionalformof theskfn-frictiondependencyon theflowlength~
wasidenticalfortheunsteadyflowintheshocktubeandthee@vslent-
flat-platesteadyincompressibleflow. Thisassumptionhasno rigorous
argument.So= supportmaybe foundinthesimilarityof thevalues
of Cf obtainedfromtheRayleigh,Blasius,=d modifiedBlasiussolu-
tions. Forlaminarboundsrylayersallthreesolutionsgivefunctional
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relationships,cf= (Constant)#~, buttheconstants
Ug

differ.No com-

par~lesolutionsarelmownforturbulentboundarylayers.Untilsome
furthertiowledgeisobtainedaboutunsteadybound~ layers,it appears
thatthisassumptionof theequivalencyof steadyandunsteadyflows
mustbe acceptedprincipallyonthebasisofagreementbetweentheory
andexperimmtinthisramge.

Whenthenumericalevaluationof thetheoryisbasedon incompressi-
bleboundsry-l~ertheory,thereis,of course,a sourceoferrorasdis-
cussedearlier.However,thiserrorcambe eliminatedby theuseof
closercompressibleboundaqy-layerapproximationsintheevaluationofthe
cf(~)integrsls.It shouldbe notedthattheeffectof thecompressi-.
bilitycorrectionisnotaslargeasmightfirstbe expected.Sincethe
Machnuniberinregionp cmnotexceed1.89forair,althoughitmaygo
to infinityinregiona, thecorrectionto cf forcompressibilitywill
be muchlsxgerin a. Eowever,Va becomesincreasinglylessthan VP
as ~ increases,sothattheinfluenceofregiona decreases.In
addition,thecompressibilityeffectwillbe lesson theshock-wave
attenuationthanon thevariationoftheflowparameterswithtimeata #

givenstationsincetheimportanceofregioncc on 5P’ changesas
discu~sedintheprevioussection. .

Theeqyivslent-steady-flowMel doesnotgivea truepictureof the
regionneartheentropydiscontinti~evenifturbulenceisneglected.
Since v isdifferentoneachsideofthediscontinuity,themodelyields
differentboundsry-layerthicknessesor animpossiblediscontinuousbound-
arylayeracrossthediscontinuity.Thiseffect,plustheneglectedheat
transferacrosstheentropydiscontinui~,apparentlyis smallwhen
exsminedh thelightof the

Applicationof

Thecompromiserequired

experimentalremil.ts.

TheoryinShock-TubeDesign

betweenaerodynamicandmechanicaldesign
of shocktubesforuseathightemperaturesandMachnumbersbecomes
evidenton scrutinyofthefunctionalformoftheequationrelatingthe
ratiooftheattenuationshocklossorpressurerise(orfall)withtime
to theanfbientpressure.Thisequation,for cf proportionalto

R#/(n+3), is

4—=
P.
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>
At a givenvalue
tions,theratio

of P~pmY inordertohaverelatively
2/% shouldbe large;butinsulating

39

longflowdura-
problemsusually

* dictate& ~n theatmosphericrangeso that 2,consequently,becomes
lsrge.

Theninordertominimizethetimewisevariationsat a given x, the
ratio Z/D shouldbe as smallaspossible,a requirementprescribing
maximumavailableD. If D islarge,mschanicdstrengthof theshock-
ttiewallswilllimitthepeskshockpressuressothat,forlargevalues
of Pp/Pmfitwillbe necessarytomake pm small.A smallvalueof pm
willinturncause V. to increasesothatthereciprocalof theReynolds
‘@er ‘m/@ risesandwithit theattenuationandflowfluctuations.
Conse~ently,thedesignof theshocktubewillbe a compromisebetween
mechanicalandaero~amicdesign,withthe Z/’Dterm(whichhasa more
powerfulexponentthantheReynoldsnumber)probablybeingtheprincipal
aerodynamicconsideration.

* CONCLUDINGREMAR16

.
● Comparisonof theoreticalandexperimentalresultson theflowin

shocktubesappearsb substantiate,intherangeoftheexperiments,
themethodof anelysisemployed.Theapplicationof thebasicconcepts
tomuchhigherpressureratiosandlsrgerperturbationsappearslogical.
However,in suchsm application,refinementofthelinearizedprocedure
maybe requiredto compensateforthecrudityof saneof theassmnptions
or itmayevenbe necesssrytorevertto a step-by-stepintegrationof
thebasicnonlineerdifferentialcharacteristicequationsandto employ
simultsmeousl.yskin-frictioncoefficientsbasedonlocalvelocities.
Inaddition,thebasiccharacteristicequationsthemselvesmayrequire
furthermodificationas theshockstrengbhincreasestovalueswhere
dissociation,ionization,andrelaxationeffectsbeccmetiportant.Below
theshockstrengthswheretheselast-mentionedeffectsoccur,thetrends
predictedby thelinesrtheoryandevaluatedinthispapershouldapply
althoughtheirmagnitudeisdependentontheformof skin-frictionlaw
asszmed.

Althoughanequivalentsteady-flowturbulentboundary-layersolu-
tiongavegoodagreementwiththeexperimentaldata,applicationof the
theorytocaseswheretheflowReynoldsntier islowerthanthatof
theseexperimentsmayrequiretheuseofhninarboundsry-layersolu-
tions.SuchlowerflowReynoldsnumberswouldariseeitherfromshocks
weakerthanthoseof theexperimentsadvancingintoairatatmospheric
pressureorfromshocksof thesameorhigherpressureratioadvamcing
intoairbelowatnmsphericpressure.It shouldalsobe notedthat,at
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highReynoldsnunibers(>2 x 10?),theevaluationoftheskin-friction
‘1/5becomesinaccurateand. coefficientas 0.0581x (Reynoldsnumber)

shouldbe replacedby a moreappropriaterelation.

Thetheoreticallypredictedtrendsinthehotgasflowforairat
uniformtemperaturethroughoutinitially~ asfollows:Shockpressure
ratiodecreaeeswithdistsace;staticpressureandaveragevalue6of
density,fluidvelocity,andMachnurriberincreasewithtimeata fixed
point;andaveragesonicveloci~decreaseswithtimeata fixedpoint.

,.

LangleyAeronauticalLaboratory,
NationslAdvisoryCommitteeforAeronautics,

WrigleyField,Vs.,December7, 1954.

.
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APPENDIXA

DERIVATIONOF CEWRA~ERISTICEQUATIONSFORQUASI-

ONE-DIMENSIONALCHANNELFLOWWITEARRA

Thegeneral
expressedas

If
and U

a loge A
a-t

averaged

FRICTION, ANDKEATADDITION

formofthequasi-one-dimemional

&pA) + &)UA) = O

CHANGE,

continuityequation

(Al)

+Ub logeA blOgep+ublO~p+bU_o
ax + at ax G-

(AZ)

valuesacressa sectionoftheflowareemployedfor p
whenchsmnelflowssreconsidered,

onlythephysicalcross-sectionalareaand
thiclmessisof no concern.

Theidentities

az= 7RT

theareaterm
boundsry-layer

d ~= d(Heatadded)
R RT

combinedtiththeequationsof stateandenergy
familisrrelationships:

P = (Constmt)a2c~/Re-S/R

P = (Constant)a
2cp/Re-S/R

A represents
displacement

(A3)

(A4)

yieldthefoil.oting

(A5)

(A6)
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Now,ifallthefluidunderconsiderationhasbeeninthesame
stateatanyprevioustime,equations(A7)and(A6),maybe differentiated
withrespectto x and t withno contributionfromtheconstantterm.

a logep 2CVa 10gea a ~

ax ‘— ax ‘K
(A7a)

R

a loge p
s

2CVa 10gea a ~
-—

at ‘— R at at
(Am)

a loge~ 2CPa 10gea a;
=— .— (A7c)

ax R ax ax

a loge~ 2C alogea a:
.2

at R at ‘—at
(A7d)

Themomentumequationisthenwrittenby useoftheskin-friction
coefficientandhydraulicdismeteras

&J+u 2u2cfw+A&+_= o
at ax P ax D

(A8)

Thisequationisnotexact,sincetheeffectivevalues of p and U
werechosento satisfythecontinuityequation;however,forltfulll~
velocityprofiles(thatis,profilesinwhichthevelocitydeviatesonly
slightlyfromitsmaximumvaluein a largepartofthecrosssection),
equation(A8)isa goodapproxtition.

Equations(A8)and(A2)csabe re=ranged,titersubstitutingfrom
equation(A7)andemployingtheconvectivederivative

D()_ a( ) +Uao
Dt at ax

(A9)

.

.

●

✎
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● to give

.

D~2~Da+a$-a — +aD logeA o
RDt Dt Dt =

43

(Ale)

(Jw

Equations(AIO) and(All)maybe addedandsubtractedtogivethe
followingequationsinoperaimrform:

(A12)

(A13)

Theassumptionhasbeenmadeinequations(A12)and(A13)that cv/R
isConstsrlt. Now,fromthedefinitionof thederivativealonga charac-
teristicof slope 6x/bt equalto U t a as

equations(A12’)and(A13)maybe writteninthefinalform:

(A14)

() Dloge A ab; D:
5P 52cva+u =-a 2U2cf
—= .— + -—+-. —-—
b-t bt R Dt y 5t Y Dt D

(A15)
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(m6)
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APPENDIXB

EVALUATIONOF CONVEC3ZIWEDERIVATIVEOFENTROPY

Theconvectivederivativeof entropymay

D;

()

1 DJ + ‘Hf—= —— —
D-t ETDt Dt

be expressedintheform

(m)

where DJ/Dt representstheheataddedperunitmassby heattransfer
andheat6ourceswhile DEf/Dtrepresentstheheat
massby friction.

Theheattransferperunitmassfromthewane. as &h6/pDwhere e isthedifferencebetweenthe
therecoverytemperatureoftheflow;forexample,

.

e = Tw~ -
(

Y-
)

1 #
Tflow1 + r —

2

dissipatedperunit

maybe approximated
walltemperatureand

(B2)

Theassumptionisnextintroducedthattherelationbetweenheat
transferandskinfrictionisgivenby a modifiedformofReynoldst
analogywhichisassumedto applyforturbulentaswellasforlaminar
boundarylayersinbothsteadyandunsteadyflow.Substitutionofthe
perfectgaslawintothemodifiedformofReynolds’analogyresultsin
thefollowingequationforthewallheat-transfercoefficient:

-2/3l+@upr Cfh=–
27-1

Theheat-transfertermmaythenbe wittenas

(B3)

DJ 27 RO ucfPr
-2/3.= — —

D’C7-lD
(B4)
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Thefrictionaldissipationperunitmassisassumedtobe theproduct d
oftheaveragevelocitymultipliedby thewall-sbesring
by themassintheflow:

DHf UT(Perimeter)& 2u3—= .—cf
m pAh D

Althoughequation(B5)isnotexactingeneral,it
mationformostcases.Itmightbe notedthatequation
a trueone-dimensional-flowmodelwherethevelocityis

forceanddivided

(B5)

isa goodapproxi-
(B5)isexactfor
consideredcon-

stantacrossa crosssectionoftheflowwitha dis~ontinuityinvelocity
atthewall. It isalsoexactforincompressiblePoiseuilleflowsince

thedissipationfunction,r(\
@12~ dy,reducestothevalueof equa-

J wdy

tion(B7).

Therefore,undertheconditionspresumed
tions(Bl),(B4),and(B5)naybe combinedto
derivative

to apply
evaluate

D:

(

_9PrM2+ 1

)

-2/3q Ucf—=
Dt 7-lT D

.

above,equa-
theconvective <

(E6)
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APFmNmxc

L~ SOLUTIONFORINTERSECTIONOF CHARACTERISTICS

ANDJH’JTROPYDIsCONTmY

Thelinearizedsolutionfortheintersectionofthecharacteristic
linestithanentropydiscontinuityisobtainedinthefollowingmanner
(seefig.1 fornotation):

2
8P= Pf -Pc=Qf-Qc=—

()

afl
7-@z-

2Pc+Qf=—
()

%?—+1
7-~

acac

Intheseequationsthevaluesof 7 sxeassumed. everywhere.

Dividingequation(Cl)by (C2)andapplying
pressuresarealwaysequalto onesnotherat any
ofthediscontinuityyields

Sf-sc
2CP - ~bP=e

pc + Qf Sf-sc

2CP + ~e

(cl)

(C2)

tobe identical

theconditionthatthe
instantonbothsides

(C3)

Now,ifthesubscripto denotesconditionsattime t = O immed-
iatelyafterthediaphragmburstwith

AS=sf-sc (C4)

or
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substitutingequation(C5)inequation(C3)andexpandinggive~

As.

(c6)

(C7)

or

1

5P Pci-Qf

1 1

,+,5-+ . . . . .—= (c8)
5P0 ‘% + Q~o % apo2

(-)
-1

a%

5P

[

—= l-i-
8P0

Pc - p%) + & - QBO

1

+. ....
‘% -I-Qpo

(@)
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.
P= - Pa. Qf - Q~o

Stice and areof order A, thefirst-order
‘% + Q~o ‘% + QPO

or Mnesrizedsolutionbecomes

8P m (P=
- Pao

)(+ Qf -QPO)
—=1+

~=wo
+

p% + Qk

R J

.
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APPENDIXD

RELATIONBETWEENSl!CEN-llRICTIONCOEFFICIENT

ANDVELOCITYPROFILE

Therelationbetweenskin-frictioncoefficientandvelocityprofile
foran incompressibleturbulentboundarylayeron a flatplatemaybe
foundinthefollowingmanner.Letthevelocityprofileintheboundery

l/n
layerbe oftheform

()
%= z
U5

where ~ isthelocal

velocitvatthedistanceY fromtheplateand ~ isthe
thickne~s.Then,equating-the
decrease,inthestresnrwiseg
layergives

d
T =—

—
wallshearingstressT to
direction,ofthemomentum

nti

Evaluationofthisequationforconstantp yields

T
‘=(n+l~(n +2)p$

d5+ (2- r12)5 ~—
U (n+ l)2(n+ 2)2‘~

streamwise

boundery-layer
therateof
intheboundsry

(Dl)

(D2)

Thefollo~ relationsexethenassumedbetweentheshe~ing-stress
velocity~ and-thebound~-~ayerthic~ess b (seeref.10):

d.;=— (D3)

(D4)

*

.

.

.

TheparameterB maybe assuneda constautfor n invariantwith
E,butitsformfor n= n(?) isnotspecified.
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Substitutio~of equations(D3)and(D4)intoequation(D2)results
inthefollowingdifferentialequation:

.

a
2 x

()

l/11 n+3
~n+l~ . 1 UV (n+l)(n +2) -.— (2 - Da) —~n+lg

‘~@B n n(n+ l)(n+ 2) d~

(D5)

Forthecaseof n and B independentof f,equation(D5)maybe
inte=ated~bY ass~i% n ~ -1. Thisintegrationwithapplicatio~of
theboundsryconditionof 5 = O at ~ = O produces

n+l

[ 1—n+ln+3—
v (n+2)(n +3) ~~ ~n+35=—
W’ v

(D6)

Substitutionof equation(D6)intoequation(D2)resultsinthe
expressionfortheskin–frictioncoefficient:

L J

(D7)
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